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In the present paper, a class of generalized evolution variational inequalities arising in a
number of quasistatic frictional contact problems for viscoelastic materials is introduced
and studied. Using Banach’s fixed point theorem, the existence and uniqueness theorem
of the solution for the generalized evolution variational inequalities is proved under some
suitable assumptions.
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1. Introduction
Contact with friction is one of the oldest still poorly understood problems. Frictional contact between deformable bodies
can be frequently found in industry and everyday life, especially in engines, motors and transmissions. So, more and more
engineering studies in the literature are dealing with the modelling and analysis of frictional contact problems.
An early attempt to study frictional contact problems within the framework of variational inequalities was made in [1].
Excellent references on analysis and numerical approximation of variational inequalities arising from contact problems
are [2,3]. Recently, some kinds of dynamic frictional contact problems with viscoelastic materials have been considered and
studied by several authors. Applying the theory of evolution inclusions for set-valued pseudomonotone maps, Kuttler and
Shillor [4] proved the existence of aweak solution for the problemof dynamic frictional contactwith normal compliance and
wear, and established the uniqueness of theweak solution in the casewhen the friction coefficientwas continuous. Using the
theory of the hemivariational inequalities, Migorski and Ochal [5] showed the existence theorems of weak solutions for the
model of a dynamic viscoelastic adhesive contact between a piezoelectric body and a deformable foundation by embedding
the problem into a class of second-order evolution inclusions. Some related works, we refer to [6–10] and the references
therein.
Quasistatic contact problems arise when the forces applied to a system vary slowly in time so that acceleration is
negligible. Rigorousmathematical treatment of quasistatic problems is recent. The reason lies in the considerable difficulties
that the process of frictional contact presents in the modelling and analysis because of the complicated surface phenomena
involved (see [11]). By the fixed point theorem, Chau, Motreanu and Sofonea [12] proved some existence and uniqueness
results for two quasistatic problems which describe the frictional contact between a deformable body and an obstacle, and
also proved that the solution of the viscoelastic problem converges to the solution of the corresponding elastic problem.
∗ Corresponding author.
E-mail addresses: xiaoyb9999@hotmail.com (Y.-b. Xiao), nanjinghuang@hotmail.com (N.-j. Huang), yjcho@gnu.ac.kr (Y.J. Cho).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.10.035
Y.-b. Xiao et al. / Applied Mathematics Letters 25 (2012) 914–920 915
Delost and Fabre [13] presented an approximationmethod valid for a quasistatic abstract variational inequalities with time-
independent constraint and apply its results to the approximation of the quasistatic evolution of an elastic body in bilateral
contact with a rigid foundation. For more works concerned with quasistatic contact problems, see, for example, [14,15,11,
16–18].
Recently, it has been shown in [15] that a number of quasistatic frictional contact problems for viscoelastic materials
leads to variational models of the following form: find a displacement field u : [0, T ] → V , such that for all t ∈ [0, T ]
(Au˙(t), v − u˙(t))V + (Bu(t), v − u˙(t))V + j(u˙(t), v)− j(u˙(t), u˙(t)) ≥ (f (t), v − u˙(t))V ∀v ∈ V
u(0) = u0, (1.1)
where V is a function space of admissible displacements, A and B are nonlinear operators related to the viscoelastic
constitutive law, and the function j is determined by contact boundary conditions. The data f is related to the given body
forces and surface traction, and u0 represents the initial displacement; [0, T ] is the time interval of interest and u˙ denotes
the derivative of the quantity with respect to the time variable t . Han and Sofonea [11] also proved an existence and
uniqueness result using Banach’s fixed point theorem, and studied two numerical approximation schemes for problem (1.1)
on C([0, T ]; V ), where V is a Hilbert space.
In this paper, we consider a class of generalized evolution variational inequality of the following form: find u : [0, T ]
→ V , such that for all t ∈ [0, T ]⟨A(u(t), u˙(t)), v − u˙(t)⟩ + j(u˙(t), v)− j(u˙(t), u˙(t)) ≥ ⟨f (t), v − u˙(t)⟩ ∀v ∈ V
u(0) = u0, (1.2)
where V is a Banach space, A is a nonlinear operator from V × V to V ∗, j is a nonlinear functional on V × V , and u0 ∈ V is
a given point. It is obvious that problem (1.2) is a generation of problem (1.1). By using Banach’s fixed point theorem, we
prove an existence and uniqueness result for the generalized evolution variational inequalities (1.2) under some suitable
assumptions.
2. Preliminaries
We suppose in what follows that V is a real Banach space with its dual V ∗, ⟨·, ·⟩ is the duality between V and V ∗ and
∥ · ∥V , ∥ · ∥V∗ are the norms of Banach spaces V and V ∗, respectively. Let 0 < T < +∞. We denote by V = Lp(0, T ; V ) the
space of strongly measurable vector-valued function u : [0, T ] → V such that T
0
∥u(t)∥pVdt < +∞
with 1 < p < +∞ and by
∥u∥V =
 T
0
∥u(t)∥pVdt
1/p
the norm of V = Lp(0, T ; V ). We also denote W 1,p(0, T ; V ) by the Sobolev space with vector-valued and first order
generalized derivative. The norm of Sobolev spaceW 1,p(0, T ; V ) is denoted by
∥u∥W1,p(0,T ;V ) =
 T
0
(∥u(t)∥pV + ∥u˙(t)∥pV )dt
1/p
, (2.1)
where generalized derivative u˙ = ∂u
∂t is understood in the sense of vector-valued distributions (see [19]), which is
characterized by T
0
u˙(t)ϕ(t)dt = −
 T
0
u(t)ϕ˙(t)dt, ∀ϕ(t) ∈ C∞0 (0, T ).
We now give some definitions as follows.
Definition 2.1 ([20]). Let (X, dX ) and (Y , dY ) be two metric spaces. A mapping F : X → Y is said to be Lipschitz with
Lipschitz constant L if there exists a nonnegative number Lwith the property that
dY (F(x), F(y)) ≤ LdX (x, y), ∀x, y ∈ X .
Definition 2.2 ([20]). Let (X, dX ) and (Y , dY ) be two metric spaces. A mapping F : X → Y is said to be a contraction if F is
Lipschitz with Lipschitz constant L < 1.
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Definition 2.3 ([19]). Let V be a real Banach space with its dual V ∗, and let T be an operator from V to its dual space V ∗.
Then
(1) T is said to be monotone if and only if
⟨Tu− Tv, u− v⟩ ≥ 0, ∀u, v ∈ V .
(2) T is said to be strongly monotone if and only if there exists a constant c > 0 such that
⟨Tu− Tv, u− v⟩ ≥ c∥u− v∥2V , ∀u, v ∈ V .
Throughout this paper, we shall assume the following hypotheses:
(H(1)) The operator A : V × V → V ∗ is Lipschitz continuous with respect to the first variable with Lipschitz constant L
independent to the second variable, i.e., there exists a constant L > 0 which is independent to the second variable v
such that
∥A(u1, v)− A(u2, v)∥V∗ ≤ L∥u1 − u2∥V , ∀u1, u2, v ∈ V ;
(H(2)) The operator A : V × V → V ∗ is strongly monotone with respect to the second variable, i.e., there exists a constant
M > 0 which is independent to the first variable u such that
⟨A(u, v1)− A(u, v2), v1 − v2⟩ ≥ M∥v1 − v2∥2V , ∀u, v1, v2 ∈ V ;
(H(3)) The operator A : V × V → V ∗ is Lipschitz continuous with respect to the second variable with Lipschitz constant L′
independent to the first variable, i.e., there exists a constant L′ > 0 which is independent to the first variable u such
that
∥A(u, v1)− A(u, v2)∥V∗ ≤ L′∥v1 − v2∥V , ∀u, v1, v2 ∈ V ;
(H(4)) The function j : V × V → R satisfies the following two conditions:
(a) j is convex and lower semicontinuous with respect to the second variable on V , i.e., j(g, ·) is convex and lower
semicontinuous on V for any g ∈ V ;
(b) There exists a constantm > 0, such that
j(g1, w2)− j(g1, w1)+ j(g2, w1)− j(g2, w2) ≤ m∥g1 − g2∥V∥w1 − w2∥V , ∀g1, g2, w1, w2 ∈ V ;
(H(5)) f ∈ Lq(0, T ; V ∗) and u0 ∈ V .
3. Main result
The main result of this paper is the following theorem.
Theorem 3.1. Suppose that the hypotheses (H(1))–(H(5)) hold, m < M and (L + m)T/M < 1. Then there exists a unique
solution u ∈ W 1,p(0, T ; V ) solving the problem (1.2).
We prove Theorem 3.1 in several steps.
Lemma 3.1. Suppose that the hypotheses (H(1))–(H(5)) hold, and η(t), ρ(t) ∈ Lp(0, T ; V ) are given. Then there exists a unique
solution uηρ(t) ∈ Lp(0, T ; V ) to the following variational inequality:
Find uηρ : [0, T ] → V such that, for all t ∈ [0, T ],
⟨A(η(t), uηρ(t)), v − uηρ(t)⟩ + j(ρ(t), v)− j(ρ(t), uηρ(t)) ≥ ⟨f (t), v − uηρ(t)⟩, ∀v ∈ V . (3.1)
Proof. For each fixed t ∈ [0, T ], in terms of hypotheses (H(2)), (H(3)), (a) of (H(4)) and (H(5)), problem (3.1) is an elliptic
variational inequality on Banach space V . It follows from classical results for elliptic variational inequalities (see [21]) that
there exists a unique solution uηρ(t) ∈ V solving the problem (3.1). Let us show that uηρ(t) ∈ V = Lp(0, T ; V ). Suppose
that t1, t2 ∈ [0, T ], there exist uηρ(t1) ∈ V and uηρ(t2) ∈ V solving problem (3.1), i.e.,
⟨A(η(t1), uηρ(t1)), v − uηρ(t1)⟩ + j(ρ(t1), v)− j(ρ(t1), uηρ(t1)) ≥ ⟨f (t1), v − uηρ(t1)⟩, ∀v ∈ V , (3.2)
and
⟨A(η(t2), uηρ(t2)), v − uηρ(t2)⟩ + j(ρ(t2), v)− j(ρ(t2), uηρ(t2)) ≥ ⟨f (t2), v − uηρ(t2)⟩, ∀v ∈ V . (3.3)
By adding (3.2) and (3.3) with v = uηρ(t2) in (3.2) and v = uηρ(t1) in (3.3), we get
⟨A(η(t1), uηρ(t1))− A(η(t2), uηρ(t2)), uηρ(t1)− uηρ(t2)⟩
≤ j(ρ(t1), uηρ(t2))− j(ρ(t1), uηρ(t1))+ j(ρ(t2), uηρ(t1))
− j(ρ(t2), uηρ(t2))+ ⟨f (t1)− f (t2), uηρ(t1)− uηρ(t2)⟩,
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which implies that
⟨A(η(t1), uηρ(t1))− A(η(t1), uηρ(t2)), uηρ(t1)− uηρ(t2)⟩
≤ −⟨A(η(t1), uηρ(t2))− A(η(t2), uηρ(t2)), uηρ(t1)− uηρ(t2)⟩ + j(ρ(t1), uηρ(t2))− j(ρ(t1), uηρ(t1))
+ j(ρ(t2), uηρ(t1))− j(ρ(t2), uηρ(t2))+ ⟨f (t1)− f (t2), uηρ(t1)− uηρ(t2)⟩.
In terms of hypotheses (H(1)), (H(2)) and (b) of (H(4)), we obtain
M∥uηρ(t1)− uηρ(t2)∥V ≤ L∥η(t1)− η(t2)∥V +m∥ρ(t1)− ρ(t2)∥V + ∥f (t1)− f (t2)∥Lq(0,T ;V ). (3.4)
It follows from η(t), ρ(t) ∈ Lp(0, T ; V ), hypothesis (H(5)) and (3.4) that uηρ(t) ∈ Lp(0, T ; V ), which completes the proof of
Lemma 3.1. 
For each fixed η ∈ Lp(0, T ; V ), we define the operator Γη : Lp(0, T ; V )→ Lp(0, T ; V ) by
Γηρ = uηρ, ∀ρ ∈ Lp(0, T ; V ), (3.5)
where uηρ is the solution of variational inequality (3.1). For the operator Γη , we have the following lemma.
Lemma 3.2. Suppose that the hypotheses (H(1))–(H(5)) hold and m < M. Then the operator Γη : Lp(0, T ; V ) → Lp(0, T ; V )
defined above has a unique fixed point on Banach space Lp(0, T ; V ).
Proof. Let η, ρ1, ρ2 ∈ Lp(0, T ; V ). By the definition of operator Γη in (3.5), we have
Γηρ1 = uηρ1 , Γηρ2 = uηρ2 , (3.6)
where uηρ1 , uηρ2 ∈ Lp(0, T ; V ) are solutions of the variational inequality (3.1) with ρ = ρ1 and ρ = ρ2, respectively. Thus,
for all t ∈ [0, T ],
⟨A(η(t), uηρ1(t)), v − uηρ1(t)⟩ + j(ρ1(t), v)− j(ρ1(t), uηρ1(t)) ≥ ⟨f (t), v − uηρ1(t)⟩, ∀v ∈ V , (3.7)
and
⟨A(η(t), uηρ2(t)), v − uηρ2(t)⟩ + j(ρ2(t), v)− j(ρ2(t), uηρ2(t)) ≥ ⟨f (t), v − uηρ2(t)⟩, ∀v ∈ V . (3.8)
By adding two inequalities with v = uηρ2(t) in (3.7) and v = uηρ1(t) in (3.8), we obtain
⟨A(η(t), uηρ1(t))− A(η(t), uηρ2(t)), uηρ1(t)− uηρ2(t)⟩
≤ j(ρ1(t), uηρ2(t))− j(ρ1(t), uηρ2(t))+ j(ρ2(t), uηρ1(t))− j(ρ2(t), uηρ2(t)),
which, by the hypotheses (H(2)) and (b) of (H(4)), implies that
M∥uηρ1(t)− uηρ2(t)∥V ≤ m∥ρ1(t)− ρ2(t)∥V . (3.9)
Now it follows from (3.6) and (3.9) that
∥Γηρ1 − Γηρ2∥Lp(0,T ;V ) =
 T
0
∥Γηρ1(t)− Γηρ2(t)∥pVdt
1/p
=
 T
0
∥uηρ1(t)− uηρ2(t)∥pVdt
1/p
≤ m
M
∥ρ1 − ρ2∥Lp(0,T ;V ),
which in terms of m < M implies that the operator Γη is a contraction from Banach space Lp(0, T ; V ) to Banach space
Lp(0, T ; V ). Using Banach’s fixed point theorem, we know that the operator Γη has a unique fixed point on Banach space
Lp(0, T ; V ). This completes the proof of Lemma 3.2. 
In what follows, we always assume that m < M and η ∈ Lp(0, T ; V ). We denote by ρη ∈ Lp(0, T ; V ) the fixed point of
operator Γη given in Lemma 3.2 and by uη ∈ Lp(0, T ; V ) the solution uηρη of the variational inequality (3.1) with ρ = ρη .
Thus we have
Γηρη = ρη, uη = uηρη , (3.10)
which, by the definition of operator Γη in (3.6), implies that
uη = ρη. (3.11)
Therefore, taking ρ = ρη in the variational inequality (3.1), it follows from (3.10) and (3.11) that, for all t ∈ [0, T ],
⟨A(η(t), uη(t)), v − uη(t)⟩ + j(uη(t), v)− j(uη(t), uη(t)) ≥ ⟨f (t), v − uη(t)⟩, ∀v ∈ V . (3.12)
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Now, we consider the operator K : Lp(0, T ; V )→ W 1,p(0, T ; V ) ⊂ Lp(0, T ; V ) defined by
Kv(t) =
 t
0
v(s)ds+ u0, ∀v ∈ Lp(0, T ; V ), (3.13)
and denote the operatorΛ : Lp(0, T ; V )→ W 1,p(0, T ; V ) ⊂ Lp(0, T ; V ) by
Λη = Kuη, ∀η ∈ Lp(0, T ; V ), (3.14)
where uη is the solution of the variational inequality (3.12) and the operator K is defined by (3.13). For the operatorΛ, we
can get the following lemma.
Lemma 3.3. Suppose that the hypotheses (H(1))–(H(5)) hold and m < M. Then the operator Λ : Lp(0, T ; V ) → Lp(0, T ; V )
defined by (3.14) has a unique fixed point η∗ ∈ W 1,p(0, T ; V ) ⊂ Lp(0, T ; V ).
Proof. Let η1, η2 ∈ Lp(0, T ; V ). Then there exist uη1 , uη2 ∈ Lp(0, T ; V )which are the solutions of the variational inequality
(3.12) with η = η1 and η = η2, respectively, i.e., for all t ∈ [0, T ],
⟨A(η1(t), uη1(t)), v − uη1(t)⟩ + j(uη1(t), v)− j(uη1(t), uη1(t)) ≥ ⟨f (t), v − uη1(t)⟩, ∀v ∈ V , (3.15)
and
⟨A(η2(t), uη2(t)), v − uη2(t)⟩ + j(uη2(t), v)− j(uη2(t), uη2(t)) ≥ ⟨f (t), v − uη2(t)⟩ ∀v ∈ V . (3.16)
By adding two inequalities with v = uη2(t) in (3.15) and v = uη1(t) in (3.16), we obtain
⟨A(η1(t), uη1(t))− A(η2(t), uη2(t)), uη1(t)− uη2(t)⟩
≤ j(uη1(t), uη2(t))− j(uη1(t), uη1(t))+ j(uη2(t), uη1(t))− j(uη2(t), uη2(t)),
which implies that
⟨A(η1(t), uη1(t))− A(η1(t), uη2(t)), uη1(t)− uη2(t)⟩
≤ −⟨A(η1(t), uη2(t))− A(η2(t), uη2(t)), uη1(t)− uη2(t)⟩ + j(uη1(t), uη2(t))
− j(uη1(t), uη1(t))+ j(uη2(t), uη1(t))− j(uη2(t), uη2(t)). (3.17)
So, it follows from hypotheses (H(1)), (H(2)), (b) of (H(4)) and (3.17) that
∥uη1(t)− uη2(t)∥V ≤
L+m
M
∥η1(t)− η2(t)∥V . (3.18)
In the following proof, we show that the operator Λ : Lp(0, T ; V ) → Lp(0, T ; V ) defined by (3.14) is a contraction on
Banach space Lp(0, T ; V ) which implies that it has a unique fixed point by Banach’s fixed point theorem. For this proof,
we use
∥u∥∗Lp(0,T ;V ) =
 T
0
exp−βpt ∥u(t)∥pVdt
1/p
(3.19)
as the norm in the space Lp(0, T ; V ), where β > 0 is a constant which will be specified later. Clearly, this norm is
equivalent to the standard norm ∥u∥Lp(0,T ;V ) in Lp(0, T ; V ). Recalling the definition of operator Λ in (3.14), we get by
(3.18) and (3.19) that
∥Λη1 −Λη2∥∗Lp(0,T ;V ) =
 T
0
exp−βpt ∥Λη1(t)−Λη2(t)∥pVdt
1/p
=
 T
0
exp−βpt ∥Kuη1(t)− Kuη2(t)∥pVdt
1/p
≤
 T
0
exp−βpt
 t
0
∥uη1(s)− uη2(s)∥Vds
p
dt
1/p
≤
 T
0
exp−βpt
 t
0
L+m
M
∥η1(s)− η2(s)∥Vds
p
dt
1/p
. (3.20)
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Furthermore, by using the Hölder inequality, we obtain t
0
L+m
M
∥η1(s)− η2(s)∥Vds = L+mM
 t
0
expβs exp−βs ∥η1(s)− η2(s)∥Vds
≤ L+m
M
 t
0
expβsq ds
1/q  t
0
exp−βsp ∥η1(s)− η2(s)∥pVds
1/p
≤ L+m
M

1
βq
(expβqt −1)
1/q
∥η1 − η2∥∗Lp(0,T ;V ),
which together with (3.20) imply that
∥Λη1 −Λη2∥∗Lp(0,T ;V ) ≤
 T
0
exp−βpt

L+m
M
p  1
βq
(expβqt −1)
p/q
(∥η1 − η2∥∗Lp(0,T ;V ))pdt
1/p
=
 T
0

L+m
M
p  1
βq
(1− exp−βqt)
p/q
(∥η1 − η2∥∗Lp(0,T ;V ))pdt
1/p
≤ L+m
M

1
βq
1/q
T 1/p∥η1 − η2∥∗Lp(0,T ;V ).
Selecting β > 1q (
L+m
M )
qT q/p such that L+mM (
1
βq )
1/qT 1/p < 1, it follows that the operator Λ : Lp(0, T ; V ) → Lp(0, T ; V ) is a
contraction onBanach space Lp(0, T ; V ). And so the operatorΛhas a unique fixed pointη∗ ∈ Lp(0, T ; V ) such thatΛη∗ = η∗.
Recalling the definition of operatorΛ in (3.14), we get that η∗ ∈ W 1,p(0, T ; V ). This completes the proof of Lemma 3.3. 
In what follows, we prove the main result Theorem 3.1, which is based on the above three lemmas.
Proof of Theorem 3.1.
1. Existence: By Lemma 3.3, let η∗ ∈ W 1,p(0, T ; V ) be the fixed point of operatorΛ and uη∗ ∈ Lp(0, T ; V ) be the solution
of variational inequality (3.12) with η = η∗. So we obtain by (3.12) and (3.14)that
η∗ = Λη∗ = Kuη∗ (3.21)
and for all t ∈ [0, T ]
⟨A(η∗(t), uη∗(t)), v − uη∗(t)⟩ + j(uη∗(t), v)− j(uη∗(t), uη∗(t)) ≥ ⟨f (t), v − uη∗(t)⟩, ∀v ∈ V . (3.22)
Let u(t) = Kuη∗(t) ∈ W 1,p(0, T ; V ). Then (3.13) and (3.21) imply that u(0) = u0, u˙(t) = uη∗(t) and u(t) = η∗(t). By
substituting η∗(t)with u(t) and uη∗(t)with u˙(t) in (3.22), for all t ∈ [0, T ], we have
⟨A(u(t), u˙(t)), v − u˙(t)⟩ + j(u˙(t), v)− j(u˙(t), u˙(t)) ≥ ⟨f (t), v − u˙(t)⟩, ∀v ∈ V ,
which implies that u(t) ∈ W 1,p(0, T ; V ) is a solution of variational inequality (1.2).
2. Uniqueness: Suppose that u(t) and u¯(t) are two solutions of variational inequality (1.2). It follows that
u(0) = u¯(0) = u0, (3.23)
⟨A(u(t), u˙(t)), v − u˙(t)⟩ + j(u˙(t), v)− j(u˙(t), u˙(t)) ≥ ⟨f (t), v − u˙(t)⟩, ∀v ∈ V ,
and
⟨A(u¯(t), ˙¯u(t)), v − ˙¯u(t)⟩ + j( ˙¯u(t), v)− j( ˙¯u(t), ˙¯u(t)) ≥ ⟨f (t), v − ˙¯u(t)⟩, ∀v ∈ V , t ∈ [0, T ],
which by (3.12) with η = u imply that
u˙(t) = uu(t), ˙¯u(t) = uu¯(t). (3.24)
It follows from (3.13), (3.14), (3.23) and (3.24) that
u(t) = Kuu(t) = Λu(t), u′(t) = Kuu¯(t) = Λu¯(t),
which implies that u and u¯ are two fixed points of operatorΛ. Therefore, u = u¯ by Lemma 3.3. This completes the proof of
Theorem 3.1. 
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